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PREFACE. 



I HAVE endeavored to collect and arrange in a man- 
ner well adapted to practical use all the trigonometric 
formulas a student is likely to need in reading other 
books on mathematics and physics, or in ordinary 
computations. 

At the same time I have adopted a logical order of 
arrangement, so that the book may be used as a sylla- 
bus by teachers who prefer the method of oral instruc- 
tion. • The book contains all the material necessary 
to a complete treatment of Circular Functions. 

As a book of reference, this collection may be found 
useful in the recitation-room, whenever it seems well 
to relieve the pupil from the burden of remembering 
the numerous formulas he may need in his work. It 
may be used, too, as a book of problems. 

Great care has been bestowed on the printing, in the 

hope that the book might be free from error. I shall 

be obliged by notice of any which may have escaped 

detection. 

E. P. S. 

Cambbxdob, 1871. 
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TRIGONOMETRY. 



I. Definitions^ 



!• Two right triangles are similar, if an oblique angle 
of the one is equal to an oblique angle of the other ; 
they are also similar, if any two sides of the one are 
proportional to the homologous sides of the other. 
Hence, if one of the oblique angles of a right triangle 
is given, the other angle is determined, and likewise 
the values of the six ratios between the three sides; 
or if any one of these six ratios is given, the values of 
the other ratios, and the magnitudes of the angles are 
determined. Thus it is evident that a variation in the 
magnitude of either of the oblique angles produces a 
variation in the value of each one of the six ratios. 
Therefore the ratios of the sides may be regarded as 
functions of either of the oblique angles. 

These ratios are called Trigonometric or CircuUir 
Functions ; and each has received a distinctive name. 

2. The sine of an angle in a right triangle = ,^ , -• 

° ° ° hypotenuse 

The tangent of an angle in a right triangle = ^?— — -^. * 
The secant of an angle in a right triangle = T^ «^^^ 



TRIGONOMETRY. 



The cosine f cotangent, and cosecant of an angle are the 
sine, tangent, and secant of its complement; and since 
the obh'que angles of a right triangle are complements 
of each other, the cosine, cotangent, and cosecant of 
one are the sine, tangent, and 
secant of the other. 

3. Let h denote the hypot- 
enuse of a right triangle, a the 
perpendicular, b the base, A 
and B the angles opposite a a^ 
and b respectively. Then 




sin A 


— ^ — coqB 
h 


cos A 

• 


b . D 
— - — Bin B 

h 


tan A 


— ^ — cot ^ 




cot A 


— ^ — tan 5 
a 


sec A 


= ^ — CSC ^ 

b 


CSC A 


— ^ — sec B 
a 



It is evident the sine and cosine are always less (han 
unity, and the secant and cosecant always greater, while 
the tangent and cotangent may be greater or less, one 
being greater whenever the other is less. 

4« The trigonometric functions may be extended to 
angles of any magnitude by using opposite signs to 
denote opposite directions. 
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\ 



Let x'ox and 
y'oy be two lines, 
called axes, 
which intersect 
at right angles, 
and from any 
point p in the 
plane drop per- 
pendiculars P M 
and PN to these 
axes. Then let 

a? = CM = NP, 
t/= ON = MP, 

r = OP, 

9 = angle xop; 

and let the positive sign belong to 4? if it proceeds froai 
o towards the right, to y if it proceeds from o upwi^r<H. 
to <p if it represents rotation from ox opposite tQ that of 
the hands of a clock, and to r in all its po8itit>a».. Then, 

for all positions of the point p, sin <p =^ 2, ©09^ © = ?» 

V X 

tan cp = -, cot rt) = -, 
"• y 




X 



T T 

sec flp = -, cse <» = -. 



X 



If then p is in the first quadrant,, ox 90** > <p > 0*, all 
the functions of (p are positive, since a; and y are positive. 

If p is in the second quadrant, or ISa** > <p > 90*, x ia 
negative and y positive, so that the sine and cosecant of 
<p are positive, and the other functions negative. 

If p is in the third quadrant, or 270° > g) > 180% x 
and y are both negative, so that the tangent and eotan- 
gent of <jp are positive, and the o^r functions negative. 

If p is in the fourth quadrant, or 360° > y > 270°, 
X is positive, and y negative, so that the cosine and 
secant of <y) are positive, and fte Qther functiQV'^ negativ^^ 



6 TBIGONOMETBY. 

For every position of p, (p may be measnred either 
positively or negatively, giving two values such that 
(p'* zzzqt* — 360^, but the functions of these two values 
of 9 are respectively equal. 

In general, 360^ may be added to or subtracted from (p 
without changing the position of p or the values of the 
functions of <p. Hence, the functions of (igp ± k 360°) 
are respectively equal to those of 9. 

5t In a circle whose radius is unity, certain lines may 
be dravm whose lengths, for a given arc (or angle), have 
the same numerical values as (he ratios above given. Thus, 

The sine of an arc is the perpendicular distance of 
the end of the arc from the diameter passing through 
the beginning. 

The cosine is the distance from the centre of the 
circle to the foot of the sine. 

The tangent is that part of the geometric tangent 
drawn at the beginning of the arc, which is intercepted 
between the point of tangency and the diameter passing 
through the end of the arc. 

The cotangent is that part of the geometric tangent 
drawn at a quadrant's distance from the beginning of 
the arc, which is intercepted between the point of tan- 
gency and the diameter passing through the end of the arc. 

The secant is the distance from the centre of the circle 
to the end of the tangent. 

The cosecant is the distance from the centre of the 
circle to the end of the cotangent. 

The versed sine is the distance from the foot of the 
sine to the beginning of the arc. 

These lines are drawn for an arc terminating in each 
quadrant, in the figures on the next page. In each 
figure let the arc 9 be represented by the darker por- 
tion of the circumference ; then sin 9 = 08, cos 9 = c, 
tan 9 = A T, cot 9 =. a' t', sec y = t, csc 9 = 01', 
ver sin 9 = G A. 



1 



jyEFimnGss. 



t 




First Quaskaiit. 

sin -f- cot -j- 
C08 + sec + 
tan -|- CSC -|- 




sin -|- cot *- 
COS — 0ec — 
tan — cs<^+ 




V't 



Tbxkd Quadbast. 



sin — cot -j- 



cos — sec — 



tan -f- CSC — 




A"' 

FOUBXH QUADRAHY. 

Bin — cot — 
COS + sec -f- 
tan — CSC — 



A positive arc is measured from a around in the direc- 
tion a', a", a'''; a negative 9LT€, from a in the opposite 
direction. 

It will be seen that both the positive and the nega- 
tive arc ending at b have the same jnne, cosine, &c. 
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II. General Formulas. 



Fundamental Eelations. 



6. 



1 

8m a 


= csc a 


1 

COS a 


= sec a 


1 
.tan a 


— cot a 


^an M — 


sin a 



CSC a 

1 

sec a 

1 

cot a 



sm a 



= cos a 



= tan a 



«.»* «, . sec tf 1 

7* tan a = = sm a sec a = = — — ^ 

cos a CSC a cos a CSC ec 



cos a CSC a 1 
8i cot a = -; = COS a CSC a = = -: 

sm a sec a sm a sec a 



9. 



sin^ a + cos^ a = 1 



10. 



sec* a = 1 4" tan* a 



IL 



esc* a = 1 + cot* a 



12. 



ver sin « = 1 — cos a 



IS. 



sin a = ^ chord 2 ec 



II. 



chord a = 2 sin - 
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15. 



Some Particular Values, 



Angle 

0° 


Arc 




dn 


COS 


tan 


cot 


sec 


080 





1 





00 


1 


00 


30° 


*» 


\ 


iVs 


VI 


v^ 


2vri 


2 


45° 


i^ 


n 


v^ 


1 


1 


v^ 


V2 


60° 


i» 


is/s 


h 


v^ 


v^ 


2 


2Vi 


90° 


i" 


1 





00 





00 


1 


120° 


*» 


4v^ 


-i 


-v^ 


-vl 


— 2 


2\^; 


135° 


i» 


v^ 


-VI 


— 1 


1 


-vr2 


^2 


150° 


in 


i 


-iN^ 


-VI 


-^3 


-2vq 


2 


180° 


n 





— 1 





00 


— I 


00 



16. 



Cardinal Values. 



Angle 


Arc 


ain 


cos 


tan 


cot 


sec 


cao 


0° 





TO 


+1 


TO 


Too 


+ 1 


T • 


I.qn. 




p. i. 


p. d. 


p. L 


p. d. 


p. i. 


p. d. 


90° 


i' 


+1 


±0 


±00 


±0 


± 00 


+ 1 


II.qu. 




p. d. 


lud. 


n. i. 


n. d. 


n. i. 


p.!. 


180° 


n 


±0 


1 


TO 


Too 


— 1 


±00 


111.4a. 




n. d. 


n. i. 


p. L 


p. d. 


n. d. 


Xkl 


270° 


§» 


— 1 


TO 


±00 


±0 


Too 


— 1 


IV. qu. 




n. i. 


p.1. 


n.i. 


n. d. 


p* d. 


n. d. 


360° 


2n 


TO 


+ 1 


TO 


Too 


+ 1 


qpoo 



Nora. — In the above table p* and n. mean positive and negative; i. and d. mean 
increasing and decreasing in eUgebraie Talne. For example,- the cotangent- of aa 
angle in the third quadrant is positive and decreasing with the increase of the angle. 
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Functions of the Sum and Difference of Arcs or Angles. 
17* sin (a 4~ /Q = B^ <* ^^^ ? *h ^^^ ^ ^^ fi 

I8« sin (a — /J) =: sin a cos § — cos a sin fi 

19* cos (a -|- /Q = COS a cos p — sin er sin ^ 

to* cos (a — Z') = cos a COS /} 4" B^^ <> <3^i^ P 

M. tan (« ± /?)= *^" " ^ *^°^ ^ cot /? ± coti, 
u V j: py 1 q: tan a tan /J cot /? cot « :f 1 



^^ X x . i.\ cot /J cot a T 1 1 ^ tan a tan p 

S2« cot (a ± /J) = -i-— r; = -7 --i^ f 

^ '^'^ cot /? ± cot a tan « ± tan /? 



I9in (a -[- /J 4" /) = — ^^^^ *'^ /J sin y -f" ^^'^ « ^^^ /^ ^^* / 

-}- cos sin /? COS/ 4~ ^^^ <> ^^^'^ P ^^^ / 

24. 

COS (a -|" /J + /) = COS (X COS /J COS y — COS a Sin /J sin / 

— sin a COS /? sin / — sin a sin /J cos/ 

jj^ sin (« T /?) _ sin ^ (« qp /?) 

sin a ± sin /J sin i {« ± /J) 

jj sin (« T P) _ cos ^ (tt T /? ) 

sin a 7 sin p cos i (« ± p) 

Uffo, — VooniilM (95) and (96) depond vpon ofehen sulMeqiuntly glf». 



GENERAL FORMULAS. 11 

Functions of Periodic Values of the Arc or Angle, 

[In the following formolafl k is any iatejier positive or negative.] 
27» siQ ^ JI = sin ^^^ 71 = ( — 1)* 

COS k 7t=^ ( — 1)* COS — ^^ n = 

tan k n=zO tan — ^ — w = oo 

28. 

sin 9 = ± sin (2 ;fc 71 ± 9) = T sin [(2 ^ -f 1) tt ± q>] 

= :f cos( — ^ n ± q>j= ± cos ^ ^ — ^^ 9} 

cso 9 = ± CSC (2 ^ TT ± 9) = &c. 

29. 

cos q> = cos (2 jfc 71 ± 9) = — cos [(2 jfc -|- 1) w ± 9] 

= sm ^ — 2^ ^ ± 9J = — sm ^— ^ — n±<pj 

sec 9 = sec (2 ^ 7r ± 9) = &c. 

(2 jfc 4- 1 \ 

— ?— ^± 9>) 

cot 9 = ± cot (^ 7J ± 9) = &c. 

Formulas (28), (29), and (SO) give the only solutions 
of the equations 

sin 9> = ± sin a, sin 9) = db cos a, tan 9 = ± tan a, tan 9 = ± cot a, 

and of the equivalent equations 

CSC (/) = ± CSC o, CSC cp = ± sec a, cot q) = ± cot a, cot 9 = ± tan a. 

If ani/ tv)0 of the six elementary functions (not recip- 
rocals of each other) have equal values for 9 and a, the 

only solution is 

9 = 2k n -}- a. 
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Sit Bin (9 ± k 360°) = sin 9 

cos {(p ± k 360*^) := cos 9 

32. sin (9 ± 210°) = T cos 9 

cos (9 ± 2?0°) = ± sin 9 

83. sin (9 ± 180°) = — sin 9 

cos (9 ± 180°) == — cos 9 

34. sin (9 ± 90°) = ± cos 9 

cos (9 ± 90°) = ^ sin 9 

3$9 sin (90° — 9) = cos 9 

cos (90° — 9) = sin 9 

36. sin (180° — 9) = sin 9 

cos (180° — 9) = — cos 9 

37« sin (2'70*' — 9) = — cos 9 

cos (270** — 9) = — sin 9 

38* sin (360** — 9) = — sin 9 

cos (360** — 9) = cos 9 

39t sin ( — 9) = — sin 9 cot ( — 9) = — cot 9 
cos ( — 9) = cos 9 sec ( — 9) = sec 9 

tan ( — 9) = — tan 9 esc ( — 9) = — esc 9 



GENERAL FOEMULAS. 13 

Sums and Products of Functions, 
40t sin a sin /? = i cos (a — fi) — J cos (a + fi) 

41* sin a cos /J = J sin (« + /?) + J sin (a — fi) 

42t cos a sin /? = ^ sin (a -|- /5) — J sin (a — fi) 

43t cos a cos /? = J cos (a — /J) + i cos {a -j- ^) 

44t sin (a + /5) sin (a — /?) = sin* a — sin* fi 
= cos* /? — cos* a 

45t cos (a + /?) cos (a — fi) = COS* a — sin* fi 
= cos* /? — sin* a 

46t sin a + sin /? = 2 sin J (a + fi) cos i (« — /J) 

47. sin « — sin ^ = 2 cos J (« + /^) "J^ i (« -^ /?) 

48. cos a + cos /? = 2 cos J (a + /?) cos J (« — /?) 
49« cosa — cos/? = — 2sin i(a-f/J) sin J(a_^) 

sin tt ~{- sin /? tan i (« + /9) 



50. 



sin a — Bin fi tan J^ (a — /J) 



^^ cos « — cos fi , ^ . V 

"• cosa + cos/S = ^"^n/? + «)tantO?^a) 



52. 



since ± Bin fi , / . an 

j ^ = tan i (a ± fi) 

cos a + cos fi ^ \ ^ t^j 



^^ Bin a :f Bin S ^ , , 

53. ^ =; cot i(a ± 0) 

cos /J — COS a ' ^ ^ '^^ 



\ 
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sin (a ± 3) 

54. tan a ± tan /? = ^ ^^J^ 

'^ cos (X COS p 

sin (a ± /?) 
£5t cot /J ± cot a = — 



56« tan « ± cot /? = 



57. 



58r 



59. 



sin a sin /? 

± cos (tf T /?) 



cos a sin /? 

sin (a ± /?) tan « ± tan /9 cot fi ± cot a 

sin (a T P) tan a ^ tan /? cot /? q= cot « 

cos (a± fi) 1 :f tan tt tan fi cot /? T tan « 

cos (a T P) 1 ± tan a tan ^3 cot /J ± tan a 

cos (« qp /?) cot /? ± tan a 

Bin {a ± fi)~ cot /J tan a ± 1 



Functions of Multiple Angles. 

60. sin ifc a = 2 sin (k — 1) « cos a — sin (^ — 2) « 

61. sin ifc « = 2 cos {k — 1) o sin a + sin (k — 2) a 

62. cos ib « = 2 cos (k—l) a cos o — cos (^ — 2) « 

63. cos ifc a = — 2 sin (ifc — 1) a Bin « + cos (^ — 2) o 

tan (k — 1) a + tan a 



64. tan k a = 



1 — tan (k — 1) a tan a 



65. sin 2 a == 2 sin a cos a 

sin 3 a = 3 sin a — 4 sin' a 

sin 4 = (4 sin « — 8 sin' «) cos a 

sin 6 a = 6 sin a — 20 sin* « + 16 sin* a 



GENERAL FORMULAS. 15 

66« COS 2 a = 2 C08^ a — 1 = 1 — 2 sin* a 

= cos^ a — sin* a 

cos 3 a = 4 cos* a — 3 cos a 

cos 4 a = 8 cos* a — 8 cos* a -f- 1 

cos 6 « = 16 cos* a — 20 cos* a + 5 cos a 

, • • • • • 

^- ^ ^ 2 tan a 2 cot a 2 

Oil tan 2 or = 



tan 3 a = 



tan 4 a = 



08. cot 2 a = 



1 — tan* a cot* a — 1 cot a — tan a 

3 tan a — tan* a 
1 — 3 tan* a 

4 tan a — 4 tan* a 



1 — 6 tan* a -\- tan* a 

• • • - • 

cot* a — 1 1 — tan* a cot a — tan a 

2 cot ot 2 tan a 2 



^ sec* n ' cot a + tan a 

. sec 2 o = — 2— = — ^—- 

1 — tan-* a cot a — tan a 

70* CSC 2 a = ( sec a esc a=z\ (tan ct -|- eot o) 



Functions of Half an Angle, 

71. 1 = sin* ? + cos* ^ 

iS 2 



7Z. sm o = 2 sin - cos - 



73t cos a = COS* r — sin*5 

74. 1 -j- sin « = (sin ~ 4" ^^s " J 

75. 1 — sin tt = (sinr — cos -J 
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76» 1 + COS « = 2 cos' 5 



77f 1 — cos a = 2 sin* - 



78t sin - = ^ i (1 — cos a) 



= \ yl+sino — J ^ 1 — sin a 



79t cos - = \^ i (1 + cos o) 



= JV^l-|-8ui« + i^l — sin« 



^^ ^ « /I — cos « 1 — cos a 

2 V 1 + COB <* Bi^ ^ 

sin a \ , 

= CSC o ^ cot a 



1 -f~ cos a 



«^ ^ a / 1 + COS n 1 + COS a 

81* co4 - = 1/-^-^ .= — 

2 V 1 — cos a sm a 



sm a , . 

= CSC a -}- cot a 



1 — cos a 



^^ « / 2 sec a 

82# sec - = i/ prr 

2 V sec a + 1 

A« a / 2 sec a 

83t esc 5 = 4/ z- 

2 V sec a — 1 

^. ^ a 1 + sin « — cos a 

81* tan - = T— j — -, j 

2 1 -j- sin a + cos a 



85* sin o -^ cos tt = ^ 1 4: sin 2 a 



sin o — cos = ^1 — sin 2 « 



GENERAL FOBMULAS. If 

Formulas in tettkh 45' or SO* appears 
87. 1 4- sin « = 2 sin* (^S' + |) = 2co8«(45» — 



, 1 — Bin « = 2 sin* (45» — |) = 2 co8» (45' + 



88 



89. tan (46<> ± «) = cot (45» T «) == |^^° 



COS 



COS 



a ± sin a ___ /I ± sin2« 
a~T sin fit V 1 ^ fiiJ^ 2 a 



1 db sin o 



90. tan (45" ± ^) = cot (450 T 0-y/^ ^^ ^^^ 

1 ± sin a cos « 

COS a 1 ^ sin a 

-.- ^ *.-«v tan Of — 1 

91. *«»(— *5°) = te^TTi 

92. Bin (45- + a) = "•" " ■f-'^ " = CO. (46" ^ «; 

AA /J CO I \ COS a — sin a , ,.-0 \ 

93« cos (45"* + a) = Tij = si» (*" — «) 

94. tan (45** + o) + tan (45^ — «) = 2 sec 2 a 

95. tan (45** + a) — tan (46** — «) = 2 tan 2 « 

96. tan (45** + «) tan (45** — «) = 1 

97. sin (30** + «) + sin (30** — • «) = cos o 

98. sin (30** + o) — sin (30** — «) = sin « ^Ts 

99. cos (30** + a) + cos (30** — «) 5= cos a ^1 
100. cos (30** + ft) — cos (30** — «) = — sin a 
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B 

Expressions equivcUerU to sin d. 

lOl* sin a = ^ 1 — cos^ a = ^ (1 + cos a) (1 — cos a) 

. cos a tan a ^ 

= cos a tan a = — 7 — == = 

e*f\T M ant* Mm 



cot a sec a CSC a 

tan tt 1 ^(sec^a — 1) 

~ V/(1 -t^lan^ ~ 70^+ cot*«) ~ sec a 

= ± ^ J (1 — cos 2 a) = 2 sin J a cos \ a 
_ 2 tan ^ tt _ 1 _ 1 

1 + tan* J a cot Jo — cot a tan J a -{- cot « 

— 1—2 sin* ^450 _ i «^ — 1 — tan« (45° — ja) 
_l-2sm (45 -*«)-!_,_ t^,(45._j„) 

« 

^a^ressions equivalent to cos or. 



1#2« cos a = ^ 1 — sin" tf = ^ (1 + sin «) (1 — sin «) 

sin a cot a 1 

= sm o cot a = : = = 



tan a esc a sec a 
cot a 1 V^(C8C*« — 1) 



V/(1+ cotter) V(l + tan««) ^^^« 



sin 2 (X 



2 sin a 



= cos* i o — sin* J a = 1 — 2 sin* \ a 



1 — tan*ice cot*i« — 1 

= 2 cos* J a — 1 = vn— I — rf— = — iTi r~T 

* 1 + tan* J a cot* i « + ^ 

^ cot J « — tan i a J__ 1 

cot i « + tan J a tan a cot ^a — 1 

1 2 



1 + tan « tan J a tan (45** + i «) + cot (45** + J «l 
= 2 cos (45** + i «) cos (45** — i a) 
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Expressions equivalent to tan a. 
sin (X 1 



103t tan a = = — 7— = \l sec* a — 1 

COB a cot a ^ 



sin a ^ (1 — cos* a) 



V (esc* « — 1) V (1 — sin^ a) ^^^ « 

, /-I — cos 2 a sin 2 a 1 — cos 2 a 

V 1 + cos 2 a 1 + cos 2 o sin 2 a 

= .C8C 2 a — cot 2 a = cot a — 2 cot 2 a 

2 tan ^ a 2 cot J ee 

~ 1 — tan* J o "" cot* i o — 1 

_ 2 _ tan(45° + t«) — tan(45^ — ^flf) 

cot J a — tan ^ a 2 

_ tan (45^ + «) — 1 _ 1 — tan (45° — «) 
~ tan (45** -f «) + 1 ~ 1 + tan (45** — «) 

Expressions equivalent to cot a, sec a, and esc or, maj^ 
be found by taking the reciprocals of those above given 
for tan a, cos a, and sin a, respectively. 
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III. Plane Triangles. 

(a) General Pbopertiss. 

/a = 6 cos C ']' c cos B 

1M« < 6 == c cos ^ -f" ^ ^^B 

\c z=za cos -B -j- 6 cos A 

All the relations between the six parts of a triangle 
can be deduced from the three equations (101) bj alg^e- 
braic transformations. 

105. A + B+0=zlSO'> 



106. 



107. 



108. 



109. 



a 


b 
sin . 


c 
B~~sin (7 


a-\-b 


tan 


i(A+B) 


a b~ 


tan 


HA 


-B) 


o + 6_ 


cos 


i(A 


-B) 


c 


cos 


ii^ + B) 


a — b 


sin 


i(A. 


-B) 



sin ^(A + B) 



a* =± 62 4- c« — 2 6 c cos A 
110. ^ 6« = c* + a« — 2 c a cos ^ 

c^ = a* + 6* — 2 a 6 cos (7 

lilt If CD denote an angle of a parallelogram, m and n 
its sides, and d the diagonal which divides w, 

cp = m*-l-w2 + 2mn cos w. 
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112. 8 = i(a + b-\-c) 



113* I siu 



111* \ cos 



'(«- 


■b)(8. 


-c) 




be 




'«(«■ 


-a) 




b 


c 




'(«- 


■ b) (8 


-c) 



115. 



116< Let r denote the radius of the inscribed circle. 



_ J(8-a)(. 



— a) (a — b) (s — c) 



8 

= 8 tan i A tan -^ B tan ^ O 



117. Mani^= "" 



8 — a 



118* Let T denote the area of the triangle. 



T = 8r = ^s{s — a) (s — b) (s — c) 



tta . . J 2 T 28r 

119. i sinA = -T — = -T — 

be b Q 



* The chamcter \ indicates a set of three equations, of which only one 

is printed. The others are obtained by advancing the 
letters, that is, by substituting for each letter of the equa- 
tion the next letter in the fixed order indicated by the 
figure in the margin. In this manner the second equa- 
tion of (104) may be obtained from the first, and then 
the third from the second. 
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120. T = ^ . . . , ^, = ^ab Bin G 

2 Bin (-4 + -o) "" 

121. Let j?a» i:>6, andjpe denote perpendiculars from tbe 

angles upon the sides a, b, and c respectively. 



1 



be 
Pa = b sin C = € Bin B = — sin -4 

a 

sin B sin C 2 T 

a = 



sin A a 



122* Let Ta, n, and re denote the radii of the escribed 
circles touching the sides a, b, and c respectively. 



1 



ra. = » tan ^ A = = 



8 — a 8 — a 



128. 1+1 + 1 = 1 = 1+1+1 

Va ^ n * Vc r Pa ^ Pb ^ Pc 

124« Let B denote the radius of the circumscribed circle. 
5 = J a CSC -4 == J 8 sec J A sec J j5 sec J C 



= i (»•« + n +Tc — ^) = 



4 r 
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(b) Solutions. 

Right Triangles, 
125* Given an angle and the hypotenuse, A and h. 

a = ^ sin ^ log a = log h + log sin A 

b =zh cos A log b = log h + log cos A 

126* Given an angle and the leg opposite, A and a. 

^ = 90** — -4 

A = a CSC A log A = log a + log esc -4 

6 = a cot ill log 6 = log a -f- log cot A 

127* Given an angle and the leg adjacent, A and 6. 

5 = 90^ — ^ 

A = & sec A log A = log b -f- log sec A 

a = b tan ^ log a = log 6 4~ ^og tan A 

128* Given the hypotenuse and a leg, h and a. 



a 



sin A = cos -S = T b = ^ (h-\- a) {h — a) 

log sin A = log cos 5 =: log a -j- co-log k 
log 6 = J [log ( A + a) + log (A — a)] 

129« Given the two legs, a and b. 

tan A = cot ^ == t A = a esc ^ 

log tan A = log cot B = log a -f- co-log 6 
log h = log a + log CSC A 
or log A = log b'\- i® (2 log tan ^) 
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130* For accurate compiztation the following additional fonnnki 
Eight Triangles are useful. 

(1.) A — & = 2Asin2^^ 

which gives A — h with accuracy when A is small, or A with aoctUMtif 
when A and 6 are nearly equal. 



(3.) 



sin (450 ± J il) = 4/. 



A±a 



2A 



(4.) cos(450±J^)=y^i^ 



(5.) ton(450±J^) = 4/|A? 

(6.) tan (450 ± -<i) « A±_? 

6 qp a 

(7.) «i(B_^)=<i±£y*^if) 

(8.) oo.{B-^) = ?^ 

(9.) ■ t«.(B-^)-I^±|)i|=^ 

which gives B — A with great accuracy when a and 6 are nearly eqoaL 



The qiutntities S and T for small arcs are usually given in the tables. 
Their use is an additional means of securing accuracy in the results. 
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Oblique Triangles. 
131* Case I. Given two angles and a side, A, B, and a. 
First Solution. G = 180** — (A + B) 

log h = log a + log sin B + log esc A 
log c = log a + log sin C + log esc -4 

Second Solution. O = 180* — (^ + J5) 
log (5 -}- c) = log a + log cos J (5 — C) -f log sec J (B + O) 
log (J — c) = log a + log sin J (B — C) + log esc i (5 + C) 

TMrrf SolvMon, — When A and -5 (and consequently 
a and 6) are nearly equal, the difference between a and h 
is computed with great accuracy by the formula 

2aGo^\{A'\'B)Bm\{A — B) 

sin A 
which is obtained by combining (106) with (47)* 

132« Case II. Given two sides and an angle opposite 
one of them, a, b, and A. 

First Solution. 

(1.) log sin B = co-log a + log b + log sin A 
giving supplementary values of B. 

Let ^1 be the acute value, and B2 the obtuse value* 

(2.) (7i = ^, — ^ C, = B^ — A 

log Cx = log a + log sin Ci -\- log esc A 



\logC2 = loga 



+ log sin Cj + log CSC A 



If (1) gives sin j? > 1, ^ is imaginary, and there k 
BO solution* 
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If (2) gives a negative value of Gi or G^, the corre- 
sponding solution may be rejected ; or, in problems 
which admit the interpretation of negative lines and 
angles, may be completed with proper regard to the 
signs. 

Second Solution. — Draw a perpendicular to the side c 
from the opposite angle, and denote the segments of c, 
adjacent to the angles A and B, by c and c respec- 
tively. 

(1.) Find the angles B and (7 as in the First Solution. 
(2.) Cj^=:b cos A, c^=acoBB, c = c^+^b> 

which gives two values of c; for c^ is positive or neg- 
ative according as B is acute or obtuse. 

133« Case III. Given two sides and the included angle, 
a, b, and G. 

First SoliiMon. 

(1.) i{A + B) = 90'' — iG 

(2.) a + 6 : a — 6 = tan J (2I + ^) : tan i (il — jB) 
log tan ^ (il — jB) = co-log (a -}- J) -|- log (a — 6) -j- log cot } C 

i(A-\-B)-i(A-B) 

= log a -[- log sin G -|- log esc A 
-\- log sin G -J- log CSC B 



(3.) 



(*•) 



(log c = log a 
I log c = log b 



A more convenient mode of finding c is by one of 
the following equations: — 

lege = log (a + 6) + log co» J (-4 + JB) + log sec i (^ — 5) 
lege = log (a — 6) -{- log sin i (.4 + S) + log esc J (A — -B) 
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Second SoliUion. — Given C and the logarithms of a 
and b. 

. Let X be an auxiliary angle such that tan X = j* 

(1.) log tan i = log a — log 6 

(2.) 
log tan J (il — B) = log tan (X — 46^) + log tan ^ (^ + B) 

The rest of the solution by equations already given. 

Third SohUion.^To find A, B, and c directly from the 
data. 

/I \ 4. A a sin (7 

(1.) tan A = = 7= 

^ ^ b — a cos G 

/^ V XT* 6 sin (7 

(2.) tan B = r 7= 

^ ^ a — cos G 



(3.) 



^ , 2 sin i (7 ,— ^ 

tan ; = V- V ^ ^ 

a — b ^ 



c = (a — b) sec X 

134 • Case IY. Given the three sides, a, b, and c. 

s = J (a + 6 + c) 

log r = i [co-log s + log (« — a) + log (« — 5) + log (« — <?)] 

log tan ^ -4 = log r — log (» — a) 

log tan i B = log r — log (s — 6) 

log tan i = log r — log (s — c) 

Other methods of solution are furnished by formulas 
(113) and (114), of which (113) is to be preferred when 
the half-angle is less than 45^, and (114) when the half- 
angle is more than 46®. The solution here given, how- 
ever, is as simple as any other, when only one angle is 
required, and much simpler when all the angles are re- 
quired. It has the advantage of being accurate for all 
values of the angles. 
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IT. Spherical Triang^les. 

(a) General Properties. 

{cos a = cos b cos c -|- sin & sin c cos A 
cos b = cos c cos a -f- sin c sin a cos B 
cos c = cos a cos 6 -f- sin a sin b cos G 

All the relations between the six parts of a spherical 
triangle can be deduced from these three equations bj 
algebraic transformations. 

sin a sin b sin c 



136. 



sin A sin B sin (7 



To deduce these equations from [135). 

Eliminate c from the first two equations of the set. 
This is done by addition and subtraction, whereby 

(cos a -|- cos 6) (1 — cos c) =■ sin c (sin h cob A -{• Bin a cob B) 
(cos a — cos 6) (1 + c^ ^) = ^^ ^ (^*^ 5 cos -4 — sin a cos B) 
whence, by multiplication and reduction, 

sin^ a sin^ B = sin' b sin' A 
whence the first equation of (136). 

/'cos -4 = — cos B cos G -{-BmB sin G cos a. 

137. < cos J? = — COB G cos Jl -|- sin G sin Jl cos &. 

(^ cos (7 = — cos A cos j5 -j- sin -4 sin -0 cos c. 

To deduce (hese equaMonsfrom (135). 

Eliminate 6 and c from the first two equations of tho 
set. This is done by substituting for cos c its value 
taken irom the third equation ; substituting for sin a, 
sin 6, and sin c, the proportional quantities sin A, sin B, 
and sin G ; and eliminating cos b from the results. This 
gives the first equation of the present set. 

Equations (135) applied to the polar triangle give 
(137) at once. 
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138. 



S 



cot a sin 6 = cos b cos C + sin. (7 cot ^4 
cot b sin c = cos c cos A -[- sin -4 cot B 
cot c sin a = cos a cos -B -f- sin -B cot (7 

cot a sin c = cos c cos -B -|- sin ^ cot A 
cot 6 sin a = cos a cos (7+ sin C cot B 
cot c sin 6 = cos b cos -4 + sin A cot (7 

These equations are best established by deducing 
them from (135). In the first equation of that set sub- 
stitute for cos c its value taken from the third equation » 

and for sin c its value, sin a - — 7» taken from (136). 

sm ^ 

The result, reduced, is the first equation of the present 

set. 

^ sin a cos B = sin c cos b — cos c sin b cos A 

sin b cos C7 = sin a cos c — cos a sin c cos B 

sin c cos ^ = sin & cos a — cos b sin a cos O 
139. 

sin a cos C7 = sin & cos c — cos 6 sin c cos A 

sin b cos Az=Bin c cos a — cos c sin a cos B 

sin c cos j& = sin a cos b — cos a sin b cos (7 

To deduce these equations from (1 35) . Multiply the first 
equation of that set by cos c ; substitute for cos c cos a 
its value taken from the second equation, and reduce. 

sin A cos b = sin (7 cos ^4" ^^^ CaiixBcoa a 

sin -B cos c = sin -4 cos O -|- cos A sin (7 cos b 

sin C7 cos a == sin ^ cos A 4- cos ^ sin A cos o 
140. i 

sin ^ cos c = sin ^ cos (7-f- cos 5 sin C cos a 

sin jB cos a = sin (7 cos ^ + cos C sin -4 cos b 
sin (7 cos 6 = sin ^ cos B + cos -4 sin B cos o 
Obtained by applying (139) to the Polar Triangle. 



ae TEIGONOMETRY. 

141. < COS a = COS Q>-\'C) + 2 sin b sin c cos* J -i 

= cos (b — c) — 2 sin 6 sin c sin* J -4 

142. < cos -4 = — cos {B-\-C) — 2 sin 5 sin C sin^Jo 

= _ cos (5 — 0) + 2 sin B sin (7 cos* i a 

148. « = i(a + 6 + c) 



144. j sin i ^ = y/ 



- - .. C . / sin « 
145. <cosi^ = y ^ 



sin (s — h) sin (a — c) 
sin 5 sin c 



sin 8 sin (s — a) 



sin 6 sin c 



C , . / sin ( 8 — b) sin (s — c) 

146. j tanM=\/ rin.sin(8-a) 

147. 8=m + ^+^) 

US. 2E = A-{'B-{'C — 180^ = 2 8— 180* 
= spherical excess of the triangle. 



/ 8in(^ — J5;)sin((7— JS; ) 
14». ^ cos i d = y/ gin 5 sin G 



sinJ5?sin(^— JB?) 



S/ sin E sin (^ — 
"° * « = V sin 5 sin C 



in(g— ^)Bin(g— Jg) 



( /Bin(5— £) sin (C- 

151. cotia = V/ 8inJ;Bin(^-^) 
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Gausses Equations. 

\ cos J G cos^c 

,43. J BinH^-^ ^ BinHa-ft) ^ ^ n, 
^ COS ^ C/ sm ^ c 

154. ^ cos ^{A + B) _ cos^(a + 6) jjj 
^ • sin J C cos J c 

155. ^ co8t(^— J9) _ sin i(a + 6) j^^ 
* \ sin I (7 sin ^ c 

Napier^s Analogies. 

( sin ^ (^ 4- ^) _ tan ^ . 

*^' ^ sin i (^ — ^) ~ tan i (a — 6) * * * 

IM J co6i(A+B) _ tanj^c -. 

**'• ^ cosi(J[— ^)""tani(a + 6) * * ' 

( sin jKa -f 6) _ cot.^ (7 ... 

*^^* ^sin Ka — 6)— tani(^ — B) " * "** 



^ cos i {a — 6) 



cot JO 



. . IV. 



tani(^+J?) 

The equation 
sin if (A-^- B) =rsin i A cos J ^ + cos ) ^ sin J B, 

reduced by (114) and (145), gives 

• ^ / A I T>\ ^ir\(s — a) 4- sin (s — b) . ^ 

sm i (A + B) =: ^ ^ ^^ cos i (7; 

* ' ' sm c 

which, reduced by (143) and (46), gives (152). 

The other three of Gauss's Equations may be proved 

in a similar manner. Napier's Analogies follow directly 

from Oauss's Equations. 
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0* tan— = i/i 

« 



160« tan ^ = i / tan - tan — ^r — tan — - — tan 



2 ' 2 2 — 2 



161 • Let r denote the polar radius of the circle inscribed 
in the triangle. 



tan r = if ^^^ ^^ ~ ^^ ^^^ ^^ "" ^^ ^^° ^^ ~ ^^ 

sin 8 



\/- 



162t Let i? denote the polar radius of the circle circum- 
scribed about the triangle. 



/ sin(^ — Jg)sin(.g — J5;)sin((7 — JST) 
V sin -& 



168t I tan J ^ = -r 



sin (« — a) 



*»m 1 X , COtJK 

161. ? cot J a = -t 



sin {A — E) 
1«5. 



n = sin 8 tan r = ^sin 8 sin (s — a) sin (s — b) sin (« — c) 
186. 

JV«=8in J^cot22«= v'an^fiin (2I— -E^) sin {B—E) sin (C^E) 

^«-, 1 . ^ - '« 2 sin 8 tan r 

167. < sm ^ 



< sii 





2n 


sin 


6 sin c ' 




2JV 



sin 6 sin c 

B 



lAfi L,-n .- ^^ _ 2sin^coti 

loot < sm a = -T — ^~: — 7y = — - — 'd~- — 7? 

( sin B sm G sm Bam U 

1 -f- tan ^ a tan ^ 6 cos U 



2 sin s tan r 



1 -f- cos a -)- cos 6 -|- cos e 
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170* Let p^, p^, and p^ denote perpendicular arcs upon 
the sides a, b, c, respectively. 



\ 



, r <• ^ • • n sm b sin c . . 

Bin p^ = sm 6 sm C7 = sm c sm ^ =? — : sm A 

• sm a 

sin BsmO . 2 n 2N 

Sin A sin a sm A 



171 • Let r , r., and r denote the radii of the circles 
inscribed in the associated triangles (formed by 
prolonging the sides of the original tnangle), an4 
B , i?., and B the radii of the circles circunt- 
sciibed about the same triangles. 



i 



n 



tan r = sin b tan A -4 =: —. — 7 r 

• ^ sm (« — o) 

sin 8 tan r 

sin (« — a) 



172. \ cot i?^= sin ^ cot J a = . ,f 
/ sin ( ^ — ^ 



sin ^ cot B 



sin (J[ -1- jE?) 



173. 

tin a sin & -|- 008 a COS 5 CO8 C »■ Bin ii dn B ^ 008 il C08 B oof c 

174. The perpendicular arc cp drawn in a spherical 
triangle, coincides with the perpendicular arc 
oV drawn in the polar triangle. Adopting a 
notation analogous to that of (132), we hav0 

<7^ + c ^ / = c^ + a V = CI + Cg/ = Cb + (7V = 90* 

C — Cj^'\-C^ 0= (7a + Q 
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(b) Properties of Bight Triangles. 

The followiDg ten equations may be established geo* 
metrically, or deduced directly from (135) -(140) by 
making C a right angle and writing h for c. 

175* sin a = sin ^ sin A 

176* sin & = sin 'h sin B 

177» sin a = tan h cot B 

178* sin h = tan a cot A 

179* cos A = cos a sin J5 

180* cos B = cos 6 sin A 

181 • cos ^ = cot ^ tan b 

182* cos ^ = cot h tan a. 

18S« cos h = cos a cos 6 

181* cos h = cot ^ cot B 

Napier^s Itules. 

Excluding the right angle from consideration, there 
are, in a right triangle, five parts, which may be re- 
garded as forming a ring, in which each part has two 
parts adjacent to it, and two parts not adjacent, or op- 
posite to it. If, instead of the hypotenuse and the two 
adjacent angles, their complements be used as parts, 
the ten equations, (175) - (184), may be embodied in 
the following mnemonic rules: — 

I. The sine of any part is equal to ike prodvjct of (he 
tangents of the adjacent parts. 

II. The sine of any part is equal to the product of the 
cosines of (he opposite parts. 
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(c) Solutions. 
Spherical Bight Triangles. 

185« Given an angle and the hypotenuse, A and A. 

sin a = Bin h sin A 

tan b = tan h cos A 

cot B = COB h tan ^ 

Check, sin a = tan & cot B 

a, = 180^ — Oi 
6, = 180^ + &i 
Ji = 180'' + ^ 

186« Given an angle and the leg opposite, A and a. 

sin A = sin a csc A 

sin 6 = tan a cot ^ 

sin B = sec a cos A 

Check, sin 6 = sin A sin B 

\ = 180^ — hi 
6, = 180^ — bi 
B^= 180° — B^ 

187* Given an angle and the leg adjacent, A and b 

tan a = sin & tan A 

cot h = cot 6 cos A 

cos ^ = cos b sin j1 

Check, cos B = tan a cot h 

a, = 180° + Oi 
A, = 180° + hi 
B^ = 360° — Bi 
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188i Given the hypotenuse and a leg, h and a. 

em ^ = sin a esc h 

cos b =: sec a coa h 

cos B = tan a cot h 

Check, cos B= sin -4 cos 5 

A2 = 180^ — Ai 

62 = 360° — bi 

B2 = 360** — J% 

189t Given the two legs, a and 6. 

cos h = cos a cos b 
cot A = cot a sin b 4 
cot u9 = sin a cot 6 
Check, cos h = cot A cot j9 

^ = 360^ — hi 
A^=z 180* + Ai 
Ba= 180** 4- Bi 



190» Given the two angles, A and 5. 

cos h = cot -4 cot B 
cos a = cos A CSC ^ 
cos 6 = CSC A cos jS 
Check, cos h = cos a cos & 

Aa = 360** — hi 
aa =360* — Oi 
6a = 360* — bi 
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191* Formulas for accurate computation ia particular cases. See 
130, (10.) 



(1.) When A is near 90®, 



tan 



(2.) When A is small or near 180<>, 

/ sin [h - 6) 
**^^ * ^ = V sin (A 4- 6) 

(3.) When o is near 90®, 



, ^ IV /sin (B — 6) 

tan (450 - J a) = Y/^j^A__j 



(4.) When a is small or near 180®, 

tan J a = v^tan ^ (/T + &) tan ^ (A — &) 

(5.) When A is near 90^, 

, ^ 1 .1 /tan i (-4 — o) 

tan (450-J ») = yj ^J^^-^^ 

(6.) When A is small, 

. ^ / - cos [A H- g) 

siniA = y 2sin.l8inB 

(7.) When h is near ISO®, 

/cos (il — iB) 

cos J A = i / ir-^i . . p 
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Oblique Spherical Triangles, 

Only those Spherical Triangles whose sides and angles are less than 
860° are considered in the following solntions. 

192* Case I. Given two sides and the included angle, 
a, b, and C. 



Two triangles always possible. 

Ca = 360** — Ci 
Ai = 180** + Ai 
B^ = 180' + B^ 

First Solution. 

COB c = cos a cos b -^ sin a sin b cos O 
cos a sin & — sin a cos b. cos O 



cot A = 



cot B = 



sin a sin O 

sin a cos b — cos a sin b cos (7 
sin & sin (7 



Second Solution, by Gauss's Equations. 



Third SolvMon. 



tan (q = tan a cos C7 



6^ = 6 — 6c 
cos c = COS a sec 6^ cos 5^ 



cot A = cot C CSC b^ sin &^ 



sin J5 = sin b sin C esc c 
= sin 6 sin A esc a 
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193* Case II. Given one side and the two a€(jacent 
angles, A, B, and c. 

Two triangles always possible. 

C, = 360° — Q 
a, = 180° + Oi 
6, = 180°4-6i 

First Solution, 

cos Oz=z — COS A COS J?+ sin -4 sin B cos c 



cot a 



cos Asin B-\- sin A cos 5 cos c 

sin ^ sin c 



. , sin -4 cos B -\- cos ^ sm B cos c 

cot = .' p . 

Bin B sin c 



Second Solution, by Oauss's Equations. 

Third Solution, 

cot £ = tan A cos a 



Ba = B — B, 



cos C = co^ -4 CSC Be sin ^^ 

• cot a = cot c sec B^ cos J31, 

sin 6 = sin J9 sin c esc (7 
= sin J? sin a esc Jl 
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TRIGONOMETRY. 



1M« Cask III. Given two sides and an angle opposite, 
one of them, a, b, and A, 



Two triangles, 

both, possible when sin a ^ sin & sin A, 

both impossible when sin a < sin & sin A, 

. identical when sin a = sin 6 sin A. 



First Solution. 



(S) { 



sin B =: CSC a sin h sin A 
B^ = 180^ — B^ 



(c) 



tan e^ = tan h cos A 

cos (c — c^) = cos a sec 6 cos c/ 

^2 = ^A + (^ — ^a)« 



(C) 



tan Cf, = sec i cot A 

cos (C — •' C^ = cot o tan 6 cos (^ 

Ci = Ci + (O - Cih 

C7, = Ci + (C - Q. 



Second Solution. — Find B as in the First Solution, 
and substitute its values separately in Gauss's Equations. 
Two values of c, and two of O will, in general, result 
for each value of B; of which those that exceed 360° 
may be set aside. 



V 



SPHERICAL TBUN6LES. 
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195» Case IY. Given two angles and a side opposite 
one of them, A, B, and a. 



Two triangles, 

both possible when sin A ^ em B sin a, 
both impossible when sin A <^ s\n B sin U, 
identical when sin A =z sin B sin a. 



First SoluHon. 



(*) 



sin h = CSC ^ sin J^ sin a 



rsm 6 = CSC A e 
1 h= 180'* — 



iO) 



' cot Oa = tan S cos a 

sin (<7 — Cy = cos ^ sec £ sin Qi 

Cx = C. + (C - C), 
[ (7, = C, + (C - (7,), 



(c) 



cot Cq = sec J? cot a 

sin (c r— Cg) = cot -4 tan B sin c^ 

Ci = Cb + (c — Cb)i 

^2 = ^B + (C Cb)2 



Second Solution. — Find J as in the First Solution, 
and substitute its values separately in Gauss's Equa- 
tions. Two values of C, and two of c will, in general, 
result for each value of b; of which those that exceed 
860^ may be set aside. 



^ 
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I96* Case Y. Given the three sides. 

Two triangles such that 

^1 + J, = ^1 + J?, = Ci + Q = 360'. 

First Solution. 



{ 



J, cos a — cos h cos o 

cos A = 



sin h sin c 

Second Solution. 

Compute halves of the angles 

by the sines, (114), 
or by the cosines, (145), 
or by the tangents, (146). 

Instead of (146) it will often be more convenient to 
use (161) and (163). 

197. Case VI. Given the three angles. 
Two triangles such that 

First Solution. 



{ 



cos A + cos B cos 

cos a — H-D— ^ — Ty 

sm B sm U 



Second Solution. 

Compute halves of the sides 

by the sines, (150), 

or by the cosines, (149), 
or by the cotangents, (151). 

Instead of (151) it will often be more convenient to 
use (162) and (164). 



KVEESE CIBCULAE FONCTIONS. *? 

V. tnverse Circular Functions. 

X 

198. arc sin X = arc cos Vl - ^*' = a^c tan ^^=== 

^axccot^/J^l^arcsec^^^arccscl 



2 arc sin Vi ( 1 - V 1 - ^ ) = i **«^ ^^^ ^ * ^^ "" ** 
L_VL^ = J arc ten -j^::^;^ 



ss 2 arc tan 



199. aicco8x = arc8inVl-a^» = arctanY/-^ — 1 

1 1 

=» arc cot - , ■■: = arc sec - - arc esc ^ j;^:^^ 

= 2 arc cos ^J (1+ a:) = J arc cos (2 «« — 1) 
Vl +a: 



s= 2 arc tan 



' =»,c«o..ie=«ccoti 



200. «wtaii*=arc8in^^==-»^v»^__^ 

= arc sec^l + a* = arc esc W -^ + 1 

= 2aicteii ^; =i««t«»rzi? 

o 1 — X* 

-Jarcstaj^ =i««!«>»r+^ 

201. arc sin X ± arc sin y = arc sin (x V^l— y^ ± y V^ — **) 

202. arccosx ± arc cosy = arc cos (xy T >/(! — «^) (^ —3^0 



X dt y 
208. arctanx±arctany=:arctan ^-^p— 



44 TRIGONOMETRY. 

Tf. Exponential Functions. 

In the foUowiDg formulas Q is used to denote the 
base of the Naperian system of logarithms. 

Also i is used as an abbreviation of -|- ^ — l, so that 
if n be any integer positive or negative or zero, we 
have 



204. \ ^ 



£4n + S-_ I 



205. Binq> = ^ -^ 

2t 



2W« COS 9 = . — *-^ 



207. 6^*=cos9 + isin9 

208. 6""^*= cos 9 — t sin 9 

209. 6^^* =cos;fc9 + isinifc9 

210. 6^*'* = 1 6f2* + i)'i = _i 

211. Q9 + itTi_Qf 



EXPONENTIAL FUNCTIONS. 45 

212* (cos 9 ± i sin <p)^ = cos nq> ± i sinn 9 

2i3t V cos op ± I Sin Gp = cos -^— ' ± i sm — ' — 



214* Let z be any variable real or imaginary, and let 
r be its modulus, 9 its argument. 

2 = r(cosq) + isin9,)=r6^* = r6^*"*'^*''' 
log z = log r -{- ((p -\- 2 k n) X 



215* arc sin x = — i log (ix ± ^ I — x^) 



216* arc cos a? = — i log (x ± x ^ I — x^) 



2I7« arc tan a: = ^r-r log :; — '—r- 

2x 1 — XX 



218. sin9i = ii(69— 6"^) 



219. cos 91 = i (6^+ 6"*^) 



220. 8in(a + /3|)=J(6^H- 6"^) sin a + J (6^ — 6"^) i cos a 



221. COS (a + i8f) = J (6^ + 6"^) cos a — } (6^ — 6"^) i sin a 



46 TRIGONOMETRY. 

Tfl. Derivatives. 

222* D^ sin 9 = cos 9 

223* i>9 cos qp = — sin 9 

221* i>9 tan 9) = 1 + tan* 9 

225* Z>^ cot 9 = — (14- cot V) 

226* i>9 sec <)p = sec g) tan 9 

227* Dq, CSC 9 = — CSC 9 cot <p' 

228t Z>^ ver sin 9 = sin 9 



220« I>x arc sin a? = 



230t I>x a^c cos X = 



231. Z>« arc tan x = 



232* i^x ai^c cot a; = 



VI— a^ 


1 


VI— a^ 


1 


l+ar» 


1 


l-J-a;" 


1 



233* 2>, arc sec a; = - 

a: \/a:* — 1 



234« I>x arc CSC x = 



238. 



DEBIVATIVES. 41 

— 1 



X ^x^ 1 



1 

235. !>, arc ver sin x = 



^2x — x* 



236. -P* log Bin <p = coi(p 

» 

237. I>9 log cos y = — tan <p 



2 
2>-» log tan 9 = -, — ^r— 
^ ° ^ sm 2 g) 



239. i>9 log CSC 9 = — cot <p 



2IOt 1^9 log sec 9 = tan 9 



241. 2>9 log cot 9) = -^^ 



242. D^ log tan (45^ ± 9) = ^^^i 



243. 2>, 6^' = a6 



1 
244. i>«logu=- 



ao; 



*8 TEIGOKOMETBY. 

YIII. Series. 

Q = ^aperian base of logarithms. 

245. 6 = 1 4-i + -L+— — H ^4- 

246. 6' = l + f + i^4-r-^H I- 

^ ~1~1.2~1.2.3^1.2.3.4^' • • 

247. f(^+h)=/(x) + 'lD/(x) + ^ D^fix) + . . . 

248. f{x + h)=Q^^f{x) 

8 6 

249* sin o) = a 1 ~ . 

^ ^ 1.2.3 ^1.2.3.4 5 

250. cos o) = 1 — -5!l- -j "^ ... 

^ 1.2^1.2.3.4 •• 

251. tan 9 = 9 + - (3p» + — 9^ + — g)' -{- . . . 

,»e« . , 1 j;' 1 . 3 a;^ , 1 . 3 . 6 a?^ , 

252. arc sin a; = a? h h r — r -^ h k 

^ 2 3 ^2.4 6 ~2.4.6 7 ^' • • 

253. arc cos a? = J tt — arc sin cf 

254. arc tan a; = a; — -x'-f-T^ — =3;' + ... 



255. 



1 , 



T sm 9 1 = 9 + , ^ ^ -4 ^ L 

t ^ ^^1.2.3^1.2.3.4.5^' 



256. cos 91 = 1 + -^4--^ — "^ u 

9i ^1.2^1.2.3.4^ • 



MISCELLANEOUS FOBMULAS. 49 

IX. miscellaneous Formulas. 

To reduce Arc to Angle and the reverse. 

Let 9°, 9', 9" express the number of degrees, minutes, 

or seconds in an angle or arc. 

Let arc q>^, arc (p', arc 9" express the linear magnitude 

of arcs corresponding to the 
angles q>^, q>', and 9" ; the unit 
of linear magnitude being the 
radius. 

Let ffp B', B" express the radius in degrees, minutes, 

or seconds ; that is, the number of de- 
grees, minutes, or seconds in an arc 
which is equal to the radius in length. 

tp used alone shall express, as usual, the linear magni^ 
tude of an arc, radius being unity. 

257. » = »" X arc 1» = 9' X arc 1' = <f" X arc 1" 






m 9'=5'X9 = ^o 



260. 9' = i?'X9 = ^ 



281. 9"= R''Xt = -^ 

arc 1" 



50 ■ TRIGONOMETRY. 

arc I'' = 0.01745 32925 19943 

261, ^ arc 1' = 0.00029 08882 08666 

arc 1" = 0.00000 48481 36811 

log arc 1** = 2.2418Y 736T5 90827 
2«8. ^ log arc 1' = 4.46372 61172 07184 
log arc 1'* = 6.68557 48668 235405 

B'' = 57^29577 95131 
264, ^ ^' = 3437'.7467 707849 
i?" = 206264".806247 

log ^° = 1.75812 26324 09172 

2«5. { log E' = 3.53627 38827 92816 

log B" = 5.31442 51331 76459 



286. 




267. } 



= 0.00029 08882 04564 
00000 48481 36809 

(h = 3.14159 26535 89793 23846 
Common log n = 0.49714 98726 94134 
Naperian log n == 1.14472 98858 49400 



Accurate Computation of Small Arcs, 
[See page 24.] 

268. log sin 9= log 9" + 4.685 5749 — J (10 — log cos g)) 

269. log tan <p = log <p" + 4.685 5749 + f (10 — log cos q>) 

270. log <p" = log sin <p + 5.814 4251 -|- ^ (10 — log cos q>) — 10 

271. log q/' = log tan 9) + 6.814 4251 — J (i — log cos <p) — 10 



mSCELLANEOUS FORMULAS. 51 

Lopariihms. 

Let Ma denote the modulns of a system of logarithms 
of which the base is a, and loga x the logarithm of ise in 
that system. Express the Naperian logarithm of x by 
Ix. 



272. i*a = *-y^ lbg,x = itj!c 



278. Ma = log. 6 

274. Mio = Modulus of Common Logarithms 
= Common Logarithm of Q 
= 0.43429 44819 



*W. -i^ = 2.30258 50930 



276. Common logarithm of Mio = l.eST'rS 48113 



277. 6 = 2.n8281828459 



278. l(a:^k) = lx + l-^ + ^-.,. 
in which j^ <[ x. 



27». I(l4-a?) = a? — Ja?^ + iic» — iar*+. . . 

in which x may be real or imaginary provided 
its modulus be less than unity. 



52 TBIGONOMETRY. 

Differential Variations of the parts of a Plane Triangle. 

{da = cos G db -\- cos B dc -\-b &m G dA 
db = cos A dc -{- cos G da -\- c Bin A dB 
dc = cos B da-\- cos A db -\- a qir B dG 

Differential Variations of the parts of a Spherical Triangle. 

da=^ cos G db -\- cos B dc -\- Binb sin G dA 

281» -{ db=: cos -4 d c -f- cos G da -\- sin c sin A dB 

dc=^ cos B da-^- cos -4 ^f & + sin a sin B dO 



The Potential Functions. 



282. p sin 9 = J sin 9 I = i (6^ — 6"^) 



283« pcosv = cos9)l = J(6^+ 6"^^) 



1. . 6'^_1 



_-,- P sm (pi.. 

284« ptan9 = -— — — = T tan 91 = 

*^ "^ pcos 9 X q2 9 , ^ 

28S* p cos* 9 — p sin* 9 = 1 

286* 1 — p tan* 9 = p sec* 9 

287* p sin (a ± /9) = p sin o p cos /? ± p cos a p sin /J 

288* p cos (a ± /9) = p cos o p cos /9 ± p sin o p sin ^ 



MISCELLANEOUS FOBMULAS. 58 

The definitions (282-281) and the fundamental eqaa- 
tions (285-288) give rise to a system of formulas anal- 
ogous to the formulas of common Trigonometry. The 
following results are useful : — 

289. D^ p sin 9 = p cos 9 

290. Z)^ p cos g) = p sin 9 

291. Bfp p tan 9 = 1 — p tan* <p = p sec* 9 

1 



292. Dj. arc p sin x=. 



291. 



Vl+^* 



293. By. arc p cos x 



>Jx^~—\ 



D^ arc p tan a? = j-— ^ 
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